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We report molecular dynamics calculations on a two-component, cold, 15 625 particle, three-dimensional
Lennard-Jones fluid. We calculated spherical harmonic components QLM for the density of particles in the first
coordination shell of each particle, as well as their spherical invariants �QL

2�, time-correlation functions, and
wavelet density decompositions. The spherical invariants show that noncrystalline septahedral ��Q7

2�� ordering
is important, especially at low temperature. While �Q10

2 � could arise from icosahedral ordering, its behavior so
closely tracks that of the nonicosahedral �Q11

2 � that alternative origins for �Q10
2 � need to be considered. Time

correlation functions of spherical harmonic components are bimodal, with a faster temperature-independent
mode and a slow, strongly temperature-dependent mode. Volume wavelet decompositions show that when T is
reduced, the correlation length of �Q7

2� increases, especially below T=0.7, but that the correlation length of
�Q5

2� is independent of T.
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I. INTRODUCTION

Many fluid systems, on cooling below their freezing
points, decline to crystallize, at least on experimentally ac-
cessible time scales. The fluids instead become glasses,
highly viscous liquids or amorphous solids that appear rigid,
but that lack long-range crystalline order. Despite enormous
experimental, theoretical, and simulational study, the nature
of the glass transition remains unclear. Is the transition to-
ward the glass a dynamic effect, or does it reflect thermody-
namic issues? A vast range of physical quantities, only a few
of which have been studied systematically, might be corre-
lated with glass formation.

This paper treats orientational order, and fluctuations in
orientational ordering, in cold Lennard-Jones fluids. Our re-
sults are based on molecular dynamics simulations. Orienta-
tional ordering in glass-forming liquids and other systems
has been studied extensively �1–10�. The work reported here
differs from earlier studies in that we �i� compute orientation
correlations that correspond to noncrystalline ordering, �2�
perform wavelet decompositions of the orientation correla-
tion density, and �3� determine the temporal evolution of
fluctuations in orientational ordering.

There are a variety of ways to characterize angular order
around a given particle. For example, one can measure the
“bond angle distribution,” the relative likelihood that the dis-
placement vectors from the given atom to two neighboring
atoms have a particular value �7�. The bond angle distribu-
tion, which reflects an aspect of the three-particle distribution
function g�3��r1 ,r2 ,r3�, has recently been shown to be acces-
sible to experimental measurement �8�. Steinhardt et al. �1�
used a spherical harmonic decomposition of the near neigh-
bors of a given particle, an idea referred back to the earlier

work of Frank �11�. Spherical harmonics are a complete set
of functions over the sphere, so the angular distribution of
�for example� an atom’s nearest neighbors can always be
expanded in spherical harmonics of their density.

To characterize an angular distribution, one chooses an
atom of interest, and a set of other atoms whose angular
distribution around the atom of interest is to be character-
ized. The unit vector r̂i from the atom of interest to each
atom i of the N other atoms are generated. The LMth spheri-
cal harmonic component QLM of the r̂i is

QLM = N−1�
i=1

N

YLM�r̂i� , �1�

where YLM is the LMth spherical harmonic and, in the spheri-
cal harmonic, r̂i is represented by the polar angles �� ,��.
The polar angles refer to a choice of the angular origins. To
eliminate the dependence of QLM on the nonphysical choice
of origins, one forms spherical invariants �1�

Ql
2 =

4�

2l + 1 �
m=−l

l

�Qlm�2 �2�

that are independent of coordinate axes.
Many prior treatments of particle orientations focused on

a search for icosahedral, cubic, or other crystalline local or-
dering in the fluid, including local orderings that are not
crystallographic because they do not lead to space-filling
packings. Partial crystalline orderings are characterized by
particular values for some of the Ql

2. For example, icosahe-
dral order around a center leads to nonzero Ql

2 for
l=6,10,12 while face-centered-cubic and body-centered-
cubic clusters have Ql

2�0 for l=4,6 ,8. As applied to liq-
uids, the ensemble-average �Ql

2� determined from simulation
or elsewise are compared with the �Ql

2� that would arise from
ideal local order of one sort or another. For historical rea-*Electronic address: phillies@wpi.edu
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sons, prior work has largely been limited to �Ql
2� for even l.

However, the Ql
2 are positive semidefinite, and fluctuations

can certainly lead to nonzero values for any Ql, so therefore
it is inescapably the case that �Ql

2� is nonzero for every l.
The spherical invariant Ql

2 is determined by the instanta-
neous particle positions, and is therefore a function of time
and space: Ql

2 changes as particles that are initially nearby
move or are replaced with other particles. At a given mo-
ment, Ql

2 also varies from atom to atom. Wang and Stroud
�10� report studies of a spatial correlation function
�QLM�ra�QLM

* �ra+r�� for the spherical harmonic components
around two atoms separated by r. The time correlation func-
tion of the time-dependent QLM�t�, namely,

Cl
�2��t� =

4�

2l + 1

�M=−l

l
�QlM�0�QlM

* �t��

�M=−l

l
��QlM�0��2�

�3�

describes the relaxation of orientational order fluctuations
around a given particle. Sanyal and Sood �4� studied a varia-
tion on Cl

�2��t�, in which an elaborate weighted sum of QLM

over all particles in small cubic subsections of the system
was taken. The time correlation function of the weighted sum
was computed for each cubelet. Sanyal and Sood’s “bond-
orientation correlation function” had a relaxation that was fit
adequately well by a stretched exponential in time.

We further treat wavelet decompositions of the density of
the �Ql

2�. Wavelets �12� provide via functional transformation
a representation of a function g�x�. A wavelet transform
g̃�a ,b� of a function g�x� is obtained as

g̃�a,b� =	 dxg�x�F�a,b;x� , �4�

where a and b are wavelet parameters, the dilation and the
translation, respectively, and where the F�a ,b ;x� are the ba-
sis vectors of the wavelet transformation. The g̃�a ,b� are the
wavelet components of the function g�x�. The basis vectors
all follow from a single mother wavelet function f�x� via

F�a,b;x� = f�ax − b�; �5�

the effectiveness of the transform being determined by the
choices of f , a, and b. One choice of dilation and transfor-
mation variables relies on binary decimation, namely, a=2m

and b=nl02m, lo being a basic length and n and m being
integers. The g̃�a ,b� allow one to regenerate the original
g�x�, namely,

g�x� =	 dadbg̃�a,b�H�a,b;x� . �6�

Here the integral �which may actually be a sum� covers all
allowed a and b, and the H�a ,b ;x� are the vector duals of the
F�a ,b ;x�.

Wavelet transforms are superficially a generalization of
Fourier transforms, for which the basis vectors are the
exp�−ikx� and the dual vectors are the same function
exp�ikx�. In most cases, for wavelet transforms the F and the
H differ markedly. Musical notation, now twelve centuries

old, gives an early description of a continuous function using
basis vectors—namely, musical notes—that have local sup-
port, and that arise from translation and dilation. Equations
�4�–�6� assign to the function being transformed a continuous
index x, but there is no mathematical restriction that x be
continuous. It is equally possible to apply wavelet transforms
to a function gi that is labelled by a discrete index i.

Wavelet and their transforms in general have a variety of
important mathematical properties.

�i� Local support. The support of a function F is the re-
gion over which it is nonzero. Most wavelets have only local
support, and are nonzero over a limited range of x. In con-
trast, the Fourier transform function exp�−ikx� has nonlocal
support, and is nonzero almost everywhere.

�ii� Local reconstruction. Changing a g̃�a ,b� changes the
reconstructed function �Eq. �6�� over a limited region,
namely, the support of the associated H�a ,b ;x�.

�iii� On the other hand, most wavelet basis vectors are not
antisymmetric or symmetric under x→−x. Nor are they in
general eigenfunctions of obvious differential operators. In-
deed, many wavelets only have a limited number of deriva-
tives. In some wavelet families, the F�a ,b ;x� are not or-
thogonal; they are instead overcomplete �though
reconstruction is still possible�.

An extremely wide range of continuous and discrete
wavelet transforms is known to exist. Much of the published
literature on wavelet transforms examines one-dimensional
transforms. To apply transforms to a volume one must either
construct novel three-dimensional transforms, or one must
construct a three-dimensional transform as the outer product
of a series of one-dimensional transforms. We followed the
latter approach. Space was divided into small volumes, a
spherical harmonic density was computed for each volume,
and discrete wavelet transforms were then performed.

We applied the discrete Haar �13� wavelets, which act by
applying to adjoining pairs of points a low-pass filter C and
a highpass filter D. The filters act on an adjoining pair of
points x2n−1 and x2n as

Cn = �x2n−1 + x2n�/2 �7�

and

Dn = �x2n−1 − x2n�/2. �8�

The C filter produces a smoothed value, and the D filter
acts as an edge detector. The transform is done iteratively,
by applying further pairs of Haar �13� filters to the output
of the C filter from the previous iteration. Successive itera-
tions are sensitive to features extending over larger spatial
domains. To perform a Haar transform on a cubic array of
points, one first applies the C and D filters to pairs of points
along one axis. The C and D filters are then applied to pairs
of 1�2 blocks along the second axis, and then applied along
the third axis to filtered 2�2 plates along a third axis, so
that, e.g.,

CCC111 = x111 + x211 + x121 + x112 + x221 + x122 + x212 + x222

�9�

while
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DDD111 = x111 − x211 − x121 − x112 + x221 + x122 + x212 − x222.

�10�

Here xijk is the value of x at the triple labeled point ijk.
Because fluids have no directional orientation, the various
CCD, CDC, and DCC filters should on thermal averaging
give the same output. The wavelet decomposition is iterated
by applying further cycles of C and D filters to the CCC
output from the prior iteration, so that after each level of
decomposition the CCC outcomes are averaged over a cubi-
cal volume with twice the linear extent. Physically, the CCC
filter detects the uniformity in x across a region, the CCD
filters are sensitive to surfaces bifurcating a region into zones
with different values for x, the CDD filters are sensitive to
lines where pairs of surfaces intersect, and the DDD filter
identifies vertices where trios of surfaces come together.

II. COMPUTATIONAL

We studied a two-component A-B Lennard-Jones fluid.
The potential energy was

Uij = 4�
��ij

r
�12

− ��ij

r
�6 . �11�

Here i and j label the species �A ,B� of the interacting par-
ticles, so that NA and NB are the number of A and B particles,
while r is the distance between centers of mass. We studied a
two-component system because �i� two-component systems
have been studied extensively �e.g., Ref. �15�, and references
therein� permitting cross-comparisons of a wider range of
parameters, and �ii� use of a binary mixture tends to prevent
crystallization at lower temperatures �14�, thereby permitting
deeper supercooling of the liquid.

Parameters were taken from Glotzer et al. �15�, namely,
�AA=1, �BB=5/6, and �AB=11/12. All particles had the
same mass m and energy constant �. Reduced units are used
throughout, so the temperature T is units of kB /�, m=1 so
force and acceleration are equal, and the time unit is
�AA�m /��1/2. The potential was truncated: Uij�r�=0 for
r�2.5. The underlying molecular dynamics code is identical
to that of our earlier paper �16�: Newton’s equations of mo-
tion were integrated numerically using the Calvo and Sanz-
Serna fourth order method �17,18�, applying standard ap-
proaches to minimize calculation time.

Our system is smaller �NA=7813 as opposed to
NA=62,500� than the system of our previous paper �16� We
first did the calculations reported here and found that g�r�
has a much larger range than sometimes reported. In order to
determine g�r� accurately, the 15 625 particle system of
this paper was replaced with the 125 000 particle system on
which we have published �16�. The A :B mixture was almost
exactly 1:1; NA and NB differ by one atom. The density is
the same as that of the previously-reported simulation:
N /V=1.30, where N is the total number of particles and
V=L3 is the system volume, with L=22.96. Based on the
range of known static correlations �at T=0.56, g�r�−1�0
out to r�10�, the fluid studied here is weakly periodically
confined, in the sense that the radial distribution shells

around two particles can overlap twice, once in each of two
opposite directions.

We equilibrated our systems at temperatures 1.20, 0.88,
0.73, 0.69, 0.66, 0.64, 0.59, and 0.56. The intermediate tem-
peratures were chosen to match Ref. 15. To equilibrate the
system, we prepared an initial system at T=1.20, equilibrated
that system, and then cooled to new temperatures by rescal-
ing the particle momentum by 0.1% every fifty time steps, a
time step being 0.01 in reduced units. On reaching the target
temperature, the system was equilibrated for 10 000 time
steps while monitoring the average kinetic energy. If the en-
ergy drifted during the 10 000 equilibration steps, the system
was brought again to the target temperature and re-
equilibrated until the average kinetic energy finally remained
near its desired target value. Simulations at a given tempera-
ture were then run for at least 50 000 time steps.

The generic radial distribution function g�r� (which gives
the normalized �g�	�=1� probability of finding any two at-
oms a distance r apart) and the partial radial distribution
functions gij�r� �which give the probability of finding two
particles of species i and j a distance r apart� were deter-
mined. The mean-square particle displacements �Ql

2� and
Cl

�2��t� were then computed, taking the particles neighboring
the particle of interest to be the particles in the first peak
�region where g�r��1� of g�r�, including l� �1,12�. Static
correlation functions �Ql

2� were evaluated using every par-
ticle as a center and repeating the calculation every fifty time
steps.

We examined a wavelet decomposition of several spheri-
cal harmonic component densities. In order to apply wavelet
decompositions, we needed a rule for assigning wavelet den-
sities to points ijk. We examined two rules, namely,


ijk
�1� =

�Vijk
�Ql

2 − �Ql
2��

Vijk
�12�

and


ijk
�2� =

nijk
−1�Vijk

�Ql
2 − �Ql

2��

Vijk�Q
�13�

Here the system is divided into cubelets having volumes Vijk,
each containing nijk atoms used as central particles for the
evaluation of the Ql centered on them, and �Q is the root
mean square deviation of the distribution of the Ql. Equation
�12� gives the spatial density of the total deviation within Vijk
of Ql, while Eq. �13� gives the spatial density of the devia-
tion per atom as averaged over all the atoms within Vijk.
Detailed results here are based on Eq. �12�.

III. RESULTS

Figure 1 shows the dependence of �Ql
2� on l at tempera-

tures 0.56 and 0.88. The largest Ql are Q6, Q7, Q12, and Q5,
in that order, followed by Q11 and Q10. The significance of
Q7 does not appear to be anticipated in the published litera-
ture, because no space-filling structure has seven-fold �sep-
tahedral� symmetry, and the nonspace-filling quasicrystalline
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symmetry that is usually discussed is the icosahedral sym-
metry, which emphasizes l of 6, 10, and 12. When the system
is cooled from 0.88 to 0.55, Q6, and to a lesser extent Q7 and
Q12, increase. All other Ql decrease with increasing tempera-
ture, the decreases in Q4, Q5, Q8, and Q9 being the most
pronounced.

Figure 2 shows the temperature dependence of the six
largest �Ql

2�. The �Ql
2� fall into three classes differing in their

magnitudes and their temperature dependences. �Q6
2� is in the

range 0.2–0.22; as the system is cooled from 0.88 to 0.56 it
increases by almost 10%. �Q7

2� and �Q12
2 � are distinctly

smaller than �Q6
2�, namely, they are �0.14 and increase mod-

estly with decreasing temperature. �Q5
2�, �Q10

2 �, and �Q11
2 � are

�0.1−0.12 at high temperature, and decrease by almost 10%
as T is reduced from 1.2 to 0.56. �Q10

2 � is sometimes �1�
associated with icosahedral ordering; we see it becomes
smaller as temperature is reduced.

We also determined the probability distributions, the like-
lihoods of determining particular values, for the �Ql

2�. For
each l, there are actually nine such functions, because one
can measure a �Ql

2� averaged over all central particles, or

only with an A or a B particle at the origin. Furthermore, in
evaluating Ql

2 around a given center, one could consider all
particles in a given shell, or consider only the A or the B
particles in that shell. Limiting ourselves to an evaluation of
Ql

2 that includes all atoms in a given shell regardless of spe-
cies, we found almost without exception that the probability
distributions of the Ql

2 are featureless, symmetric peaks
whose widths at half height are typically half or 2 /3 of the
distribution’s peak value. The exception is �Q9

2�, as averaged
over all central particles, which has a prominent side shoul-
der, because the �Q9

2� for a central A and for a central B
particle have very different average values.

To further explore how the �Ql
2� are affected by the local

composition we determined the conditional averages �Ql
2�i,j,k,

i.e., the value of �Ql
2� for a given trio i , j ,k. Here i is the

identity of the central atom �A, B, all�, while j and k are the
number of A and B atoms, respectively, in the first shell; the
calculation was made at T=0.56. The number of particles
instantaneously found in the first coordination shell fluctu-
ates a great deal, from as few as four to as many �with an A
particle in the center� as fourteen. When plotted as functions
of j and k, the �Ql

2�i,j,k fell into three families: �i� Functions
such as �Q5

2�A,j,k, �Q6
2�B,j,k, and �Q12

2 �B,j,k which decrease
monotonically with increasing j+k, but are largely indepen-
dent of j−k. �ii� Functions such as �Q5

2�B,j,k that have a mini-
mum at intermediate j+k �for ��Q5

2�B,j,k�, the minimum is at
j+k=8�, that have maxima at small and large j+k, and that
are independent of j−k. �iii� Functions such as �Q6

2�A,j,k that
show a marked dependence on j−k, increasing at fixed j+k
as the number of B atoms in the shell is increased.

A qualitative explanation for the trends in �Ql
2�i,j,k with

changing j and k may be suggested. As j+k is increased, the
particles in the first coordination shell are obliged to pack
more regularly rather than more randomly, at first making it
more difficult for the instantaneous Ql

2 to assume large val-
ues. However, it is already quite difficult to pack 12 particles
into the first coordination shell of a B particle, as witness that
for a B center atom the first shell practically never includes
more than twelve atoms, so in order to obtain j+k=12 the
atoms in the first shell must be well-ordered, leading to a
�Q5

2�B,j,k that increases at large j+k. Finally, the A particles
are larger than the B particles, making it easier to fill the first
coordination shell as the number of B particles is increased,
leading to a �Q6

2�A,j,k that increases with increasing k− j.
In addition to examining the static correlations of the Ql,

we also examined their time autocorrelation functions.
Preliminary studies found that all twelve Cl

�2��t� relax on
about the same time scale, so to reduce computational de-
mands we focused on the l having the largest magnitude,
namely, l=5, 6, 7, 10, 11, and 12. Measured correlation func-
tions at the highest and lowest temperatures, normalized so
that Cl

�2��0�=1, are found in Fig. 3. Figure 3�a�, at T=1.20,
represents a liquid that is warmer than the measured �16�
melting temperature Tm�1.1. At this temperature, the
l=10,11,12 fluctuations are nearly indistinguishable, and
decay the most rapidly, the l=6 and 7 correlations are the
longest lived, and C5

�2��t� has an intermediate life span. Each
curve was fit to the sum of a short- and a long-lived relax-

FIG. 1. Spherical invariants �Ql
2� as a function of l at tempera-

tures 0.55 ��� and 0.88 ���. Note the marked amplitudes of the
noncrystallographic l=5 and l=7 invariants.

FIG. 2. Mean-square spherical invariants �Ql
2� as a function of

temperature for l of 5���, 6���, 7���, 10���, 11���, and 12���.
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ation, as described below. The fits are represented by the
dashed lines, which at higher temperatures are virtually in-
distinguishable from the data. The slow relaxations extend
the relaxation curves to longer times, but are not apparent in
the figure as long-time shoulders.

In Fig. 3�b� �T=0.56, the lowest temperature studied� the
slow-mode shoulders are clearly apparent, while the C6

�2��t�
and C7

�2��t� functions are clearly distinct, C6
�2��t� taking longer

to decay. The amplitude of the slow mode of C10
�2��t� is mark-

edly less than the amplitudes of the slow modes of C11
�2��t�

and C12
�2��t�.

The accuracy with which the Cl
�2��t� are described by the

fitting process decreases with decreasing T, so that in Fig.
3�b� the fitted curves �dashed lines� are no longer in near-
perfect agreement with the measured data. Each relaxation
function was fit separately to a sum of two stretched expo-
nentials

Cl
�2fit��t� = As exp�− �st

�s� + Af exp�− � ft
�f� . �14�

As seen in Fig. 3�b�, this function fits nearly perfectly at the
higher temperature 1.20, but is not flawlessly accurate at
T=0.56. Here subscripts s and f denote the slow and fast
modes, Ai is an amplitude, �i is a decay pseudorate, and �i is

a stretching exponent. While we normalized Cl
�2��0� to unity,

that normalization was done with an simulationally measured
TlM =�M=−l

l ��QlM�0��2�, which has sampling noise. As and Af

were therefore taken to be independent variables, rather than
being constrained to sum to unity. Constraining As+Af �1
would assign an unjustifiable privileged status to our TlM
relative to our measurements of the correlation function at
other times. The �i were constrained to lie in the interval
�−1,1�, but were free to vary within that interval �and in fact
never became negative�, corresponding to processes that
might be an exponential or a sum of exponential relaxations.
Removing the constraint on the �i sometimes gave very large
values for �i �1.4 to 2�, with a very small increase in fit
accuracy. When �i=1, the corresponding mode lifetime is
�i

−1. In cases in which the relaxation was a stretched expo-
nential in time, an average lifetime was assigned based on
the exponential integral �0

	dt exp�−�t�=�−1, namely,

��i
−1� � 	

0

	

dt exp�− �it
�i� = �i

−1/�i��1 + 1/�i� , �15�

� representing the Gamma function.
At low temperatures, best fits found pure exponential

��=1� relaxations for both modes. At all temperatures, the
shorter-lived mode was most often a pure exponential,
though less so for C6

�2� and C7
�2� than for the other relaxations.

At higher temperatures, the slow mode is generally a
stretched exponential, but as T declines pure-exponential be-
havior is found. The slow modes of C10

�2�, C11
�2�, and C12

�2� re-
main nonexponential to lower temperatures than their lower-
l counterparts.

Figures 4�a� and 4�b� show the lifetimes ��i
−1� of the fast

and slow modes for each l at various temperatures. For
l=10,11,12, the fast mode lifetime increases gradually with
decreasing temperature, but not by more than 30%. The slow
mode lifetimes increase much more dramatically than the
fast mode lifetimes, by factors of 12 to 20 over our tempera-
ture range. Both fast and slow mode lifetimes tend to con-
verge with decreasing T, so that at T=1.2 the lifetimes de-
pend substantially on l, but at T=0.56 the lifetimes of each
mode are nearly independent of l. The fast-mode lifetimes of
C5

�2�, C6
�2�, and C7

�2� show a novel temperature behavior,
namely, a nonmonotonic temperature dependence, with �� f

−1�
climbing gradually to a peak at temperatures near 0.7, and
then falling steeply as temperature is further reduced.

Figures 4�c� and 4�d� give the amplitudes Af and As for
the fast and slow modes, respectively, against T. The two
amplitudes were fit independently, and consistently give
Af +As�1.1. The l=10, 11, and 12 relaxations are dominated
by the fast mode, but for l=5,6 ,7 the slow mode has the
same amplitude or larger than the fast mode. The classes of
temperature dependence seen above for the lifetimes are ech-
oed by the amplitudes. For l=10,11,12, Af and As are very
nearly independent of l and depend only weakly on T. The
l=6 and 7 modes show a nonmonotonic temperature depen-
dence, the reversal in slope being near T=0.7. For l=5, the
amplitudes are very nearly independent from temperature.

FIG. 3. Spherically invariant autocorrelation functions C�2��t�
formed from the YLM�t� for fixed l of 5���, 6���, 7���, 10���,
11���, and 12��� at temperatures �a� 1.20 and �b� 0.56.
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Figures 4�e� and 4�f� give the fast and slow mode life-
times as a functions of l for various temperatures. Figure 4�e�
reinforces the prior description of mode behavior falling into
three groups, namely, l=5 �with a modest dependence of fast
mode lifetime on T�, l=6 and 7, with a wide range of �� f

−1�
with changing T, and l=10,11,12, whose behaviors are very

similar to each other. Figure 4�f� presents the slow mode
lifetime as a function of l. While at each l there is a strong
dependence of ��−1� on T, at fixed temperature the depen-
dence of the slow mode lifetime on l is much more modest.

We now consider the wavelet decompositions of the
spherical harmonic densities. We closely examined six val-

FIG. 4. Temperature dependence of the �a� fast and �b� slow mode lifetimes ��i
−1� and the �c� fast and �d� slow mode amplitudes A for

fixed l of 5���, 6���, 7���, 10���, 11���, and 12 ���. L dependence of the �e� fast and �f� slow mode lifetimes at temperatures 0.56���,
0.59���, 0.62���, 0.64���, 0.66���, 0.69���, 0.73���, 0.88��, and 1.20 ���.
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ues for l, three levels of decimation, and four filters, namely,
the mean-square outputs of the CCC, DCC, DDC, and DDD
filters, all at nine temperatures. Because the system is
rotationally invariant, the DCC, CDC, and CCD filters
are equivalent; we report the mean-square average of
their outputs as DCC. Figures 5�a� and 5�b� show the spheri-
cal harmonic densities as functions of temperature at deci-
mation levels of 1 and 3, i.e., the densities averaged over an
S�S�S cube for S of 2 and 8. From Fig. 5�a�, decimation
level 1, as T falls from 1.2 to 0.56 the smoothed densities for
Q5 and Q10 decrease by nearly 30%, the smoothed densities
for Q11 and Q12 decrease slightly, and the smoothed densities
for Q6 and Q7 increase, Q7 by more than Q6. On going to
decimation level 2, which averages over 64 neighboring
cubelets, the averaged Ql all decrease by nearly an order of
magnitude, but the qualitative trends with temperature re-
main the same. Between decimation levels 2 and 3 �which
averages over 512 neighboring basic cubelets� the smoothed
Ql all fall by approximately another factor of 5, and the
temperature dependences of Q5 and Q6 fade into the noise.
Figure 5�c� compares Q5 and Q7 at different decimations.
The temperature dependence of Q5 decreases with increasing
decimation, so that the first decimation of Q5 decreases
markedly with decreasing T, but the second and third deci-
mations depend rather weakly on T. In contrast, the tempera-

ture dependence of Q7 increases with increasing order of
decimation, so that the second decimation increases more
swiftly with decreasing T than does the first decimation, and
the third decimation increases more swiftly with decreasing
T than does the second decimation.

The numerical definitions of the DCC, DDC, and DDD
filters are quite different from each other, but at each deci-
mation the plots of their respective outputs, as functions of T
for various l, are quite similar. The similarity arises because
a change in temperature that increases the prominence of
nominal vertices �as revealed by the DDD filter� simulta-
neously increases the prominence of edges and faces on a
volume �the DDC and DCC filters�, all by commensurate
amounts. Figure 6 shows the first and third ��DDD�2� deci-
mations as functions of T for various l. Just as the average
CCC components of Q5 and Q10 decrease as T falls �see Fig.
5�, so also do the corresponding ��DDD�2� components;
similarly, just as the average CCC component of Q7 in-
creases with falling T, so also do the corresponding
��DDD�2� components.

IV. DISCUSSION

Here we have applied spherical harmonics and their in-
variants to study local orientational order in cold Lennard-

FIG. 5. Temperature depen-
dence of the �a� first and �b� third
Haar wavelet ��CCC�2� decima-
tions of the spherical harmonic
component densities Ql for l using
symbols of Fig. 4, and �c� zeroth
���, first ���, and second ���
Haar wavelet decimations
��CCC�2� for l=5 �filled points�
and l=7 �open points� spherical
harmonic densities.
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Jones fluids. Time correlation functions and wavelet decom-
positions were employed to examine the temporal and spatial
persistence of the orientation order. We began with a
T=1.20 fluid, a liquid slightly warmer than the melting tem-
perature, and finished with a deeply cooled T=0.56 vitrifying
fluid. Our particularly noteworthy findings include the im-
portance of septahedral �l=7� order and the appearance of
slow modes in orientation relaxations Cl

�2��t�.
As seen in Fig. 2, the largest �Ql

2� are those for l of 6, 7,
and 12. �Q5

2� is next in importance, while �Q11
2 � is apprecia-

bly larger than �Q10
2 �. Earlier literature on spherical harmonic

components of the density largely restricted itself to even l,
and thus did not identify the importance of �Q7

2� or �Q11
2 �.

The importance of �Q6
2� is readily understood; it reflects

equatorial rings of six atoms surrounding the atom that is
currently of interest. The large size of �Q7

2�, which reflects
the importance of sevenfold �septahedral� order, is unex-
pected and surprising. In our other work �16�, the most stable
crystal structure that we found for this system was body-
centered-cubic, which leads to amplitudes for �Ql

2� with
l even. No crystal structure has fundamental sevenfold ori-
entation order. Indeed, sevenfold symmetry of any sort is
uncommon in nature. A few complex organic compounds

have distorted seven-fold symmetry �19,20�, as by forming
heptamers �21�. Computer simulations of heptamer rings
have been made �22�, but no experimentally observed quasi-
crystal has been reported to have sevenfold symmetry �23�.
The identifiable importance of unidecahedral �l=11� order-
ing, as observed here, is also unexpected.

The substantial sizes of the l=10 and l=5 components of
�Ql

2� are less surprising. Proposals for the importance of qua-
sicrystalline ordering in supercooled fluids �24� have focused
on icosahedral structures, which are not space filling, but
which are believed to be relatively stable for particles having
Lennard-Jones interactions. A local fluctuation in the form of
a body-centered icosahedron contributes to �Q10

2 �. A pentago-
nal septode �a bifurcated half-icosahedron� and fused pairs of
icosahedra also contribute to �Q5

2�.
The temperature dependence of the �Ql

2� speaks directly
to the potential importance of different aspects of orienta-
tional order in the transition toward the glass. As seen in Fig.
3, as T falls, so do �Q5

2�, �Q10
2 �, and �Q11

2 �; in contrast, as T
falls it is �Q6

2�, �Q7
2�, and �Q12

2 � that increase. Thus, to the
extent that orientational ordering with l=5 or l=10 reflects
the formation of icosahedra and pentagonal septodes, the
presence of those structures decreases as the system becomes
more viscous. Such a decrease in orientational ordering with
decreasing T is contrary to any hypothesis that vitrification is
associated with icosahedral ordering that is enhanced by re-
ducing the temperature. The amplitudes that do increase are
associated with l of 6 and 12, which arise with conventional
close packing of spheres, and l=7, which describes an
elsewise-unspecified but certainly not space-filling septahe-
dral ordering.

Instead of proposing that �Q10
2 � or �Q12

2 � is uniquely char-
acteristic of icosahedral order, one might instead note that
the l=11 component have properties very similar to that of
the l=10 and 12 components: their slow and fast mode am-
plitudes are very nearly equal at all T, their fast mode am-
plitudes are approximately equal, and their ��CCC�2� and
��DDD�2� wavelet components have about the same size and
temperature dependences. It might then alternatively be said,
based on our sample, that all large-l components have similar
static and dynamic behaviors, and therefore the observed be-
havior of �Q10

2 � and �Q12
2 � does not appear to arise from ten-

dencies for icosahedral clustering.
Furthermore, there are considerable similarities between

the behaviors of the l=5,6 ,7 modes, similarities that make
these modes systematically unlike the l=10,11,12 modes in
their behavior, in particular: The slow and fast modes are
similar in amplitude, the fast mode lifetimes depend non-
monotonically on T, and for l of 6 and 7 the mode ampli-
tudes also depend nonmonotonically on T, the slope reversals
in all cases occurring near a T of 0.7. While the l=6,10,12
amplitudes are associated with each other for icosahedral or-
dering, for the ordering actually found here it is the
l=7,6 ,5 amplitudes and separately the l=10,11,12 modes
that appear to be associated with ordering in the fluid. Fur-
ther study of higher-order spherical invariants might serve to
clarify the nature of these orderings.

Wavelet decompositions of the local spherical harmonic
densities also speak to the relative importance of the various

FIG. 6. Temperature dependence of the �a� first and �b� third
Haar wavelet ��DDD�2� decimations of the spherical harmonic
component densities Ql for l using symbols of Fig. 4.
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Ql. Figure 5�c� shows the first three decimations of the low-
frequency ��CCC�2� parts of the l=5 and l=7 densities at
various temperatures. The amplitudes have been multiplied
by constant factors, the same for all points of a given l and
decimation, so that fractional changes in the ��CCC�2� as T is
changed are more readily compared. It is important to em-
phasize that each decimation substantially reduces the
��CCC�2�, the reduction arising because with increasing
decimation the ��CCC�2� represents an average of a fluctua-
tion over a larger number of cubelets. In the figure, this re-
duction has been masked by the multiplicative displacement.

For l=5, the decline in the ��CCC�2� with decreasing T is
about the same for all three decimations, indicating that each
decimation has about the same effect on ��CCC�2� at all tem-
peratures. On distance scales 2m�AA, m� �1,3� probed by the
decimations, the level of spatial coherence of �Q5

2� as
sampled by Haar low-pass wavelets is therefore independent
of temperature. In contrast, for l=7, the increase in ��CCC�2�
with decreasing T becomes more dramatic as the decimation
level is increased. For the m=1 decimation, ��CCC�2�
changes by 20% over the observed temperatures; for the
m=3 decimation, the change in ��CCC�2� is by nearly 2/3.
Recalling that each decimation greatly reduces ��CCC�2�, the
actual observed effect is that, with decreasing T below ap-
proximately T=0.7, decimations become decreasingly effec-
tive in reducing ��CCC�2�, the mean-square fluctuation in Q7

as averaged over the region of support of a Haar smoothing
wavelet. Conversely, below T=0.7, the range over which
fluctuations in septahedral ordering are correlated begins to
increase, out to at least the distances 2�AA to 8�AA over
which Haar smoothing wavelets have support. To the extent
that orientational ordering is significant for glass formation,
it is only the spherical harmonic components that increase
with decreasing temperature that are plausibly contributing
to vitrification, and these are the l=6 and l=7 components
but not the l=10 or 12 components.

The ��DDD�2� decompositions seen in Fig. 6 further em-
phasize the possible importance of �Q6

2� and �Q7
2� in vitrifi-

cation. For each decimation, ��DDD�2� only increases with
decreasing temperature for the l=6 and l=7 densities. For
l=5, 10, 11, and 12, at each decimation the high-frequency
��DDD�2� components decrease or remain the same as T is
reduced.

The temporal persistence of fluctuations in the QLM�t� is
revealed by their time correlation functions, studied here
from their spherical invariants Cl

�2��t�. The Cl
�2��t� all have a

bimodal structure, with a rapidly decaying mode whose life-
time is nearly independent of T, and a slowly decaying mode
whose lifetime increases dramatically with decreasing T. The
slow mode amplitude is quite weak at T=1.2, is readily ap-
parent at T=0.88, and is much more prominent at lower tem-
peratures.

The slow mode lifetimes increase from 0.7±0.2 at
T=1.20 to �10 at T=0.56. At higher temperatures, between
l=6 and l=12, ��s

−1� varies by by more than a factor of 2, the
larger-l correlation functions having the shorter lifetimes. As
temperature is reduced, the ��s

−1� converge toward a common
l-independent value. The temperature at convergence is cer-

tainly not greatly different from the mode coupling theory
critical temperature estimated for this system by Sastry et al.
�26�. We did not reach temperatures low enough to clarify if
the relaxation times continue to keep a common value at
temperatures colder than the convergence temperature, or if
they again diverge from each other as T is further reduced.
For l=10,11,12, the increase in ln���s

−1�� with falling T is
more rapid than linear in T, so that ��s

−1� for these modes
might be diverging at some positive nonzero temperature. In
the direction of higher temperatures, extrapolation of the
slow and fast mode lifetimes predicts that the lifetimes be-
come equal near T�2. This temperature has had significance
previously: In our previously published �16� study of this
system, a lower-temperature local structure formation was
identified from the radial distribution function as appearing
near T=2 and becoming more prominent as T is reduced.

The l-dependence of ��s
−1� suffices to prove that the

relaxation of the Cl
�2��t� cannot arise from the rotational dif-

fusion of quasirigid evanescent structures, namely: If a
rigid structure is performing rotational diffusion, the relax-
ation of its lth spherical harmonic component will follow
exp�−l�l+1�D�t�, where D� is the rotational diffusion coeffi-
cient �25�. The relaxation time is inversely proportional to
l�l+1�, so for l between 5 and 12 the time would change
more than fivefold. The fast mode properties are inconsistent
with rotational diffusion: �� f

−1� varies with l by less than a
factor of 2; furthermore, the fast mode of C12

�2��t� is longer
lived than the same mode of C11

�2��t�, which is in turn longer
lived than the fast mode of C10

�2��t�, an order inverse to that
expected from rotational diffusion. The slow mode properties
are equally inconsistent with rigid-body rotational diffusion.
Even at T=1.2 the change in ��s

−1� with l is by less than a
factor of 3, is nearly independent of l for l in the range
10–12, and at low temperatures is very nearly independent of
l for all l studied, entirely inconsistent with the rotational
diffusion expectation that the rotational diffusion time should
scale as l�l+1�.

There is a substantial literature on simulations of
Lennard-Jones fluids, and a limited literature on spherical
harmonic decompositions of particle densities. We first note
several simulations that have found phenomena seemingly
related to those studied here. We then turn to historical stud-
ies of spherical harmonic decompositions.

For a system with the composition and potential energy
studied here, Sastry et al. �26� found that the self-
intermediate scattering function FsA�q , t� of their A particles
gains a strong slow mode as T is taken from 0.88 down to
0.73. The slow mode in FsA is a stretched exponential in
time, whose stretching exponent � is �0.9 at temperatures
0.88 and above; at temperature 0.73 and below � declines
rapidly, reaching ��0.55 by temperature 0.59. The mode
coupling critical temperature for the system was estimated to
be Tc=0.592. Sastry et al. also examined the distribution of
particle displacements at fixed time and various tempera-
tures, comparing distributions at the time at which the mean-
square particle displacement was unity. The distribution of
displacements was nearly Gaussian above T�0.63; at lower
temperatures the distribution broadens and bifurcates. Be-
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tween temperatures 0.88 and 0.59, the lifetime of the slow
mode in FsA�q , t� increases by two orders of magnitude, con-
siderably more than the increase that we found in ��s

−1� over
the same range of temperatures. Nonetheless, the slow modes
we find in Cl

�2��t� are clearly accompanied by slow modes
found in more familiar time correlation functions.

A series of studies on Lennard-Jones fluids, e.g., by Do-
nati et al. �27�, have found that relatively mobile and rela-
tively immobile particles separately tend to be found in clus-
ters. The clusters of mobile particles are long and ribbonlike;
clusters of immobile particles are more compact. Donati et
al. present evidence that the liquid structure is much more
ordered near an immobile particle than it is near a mobile
particle, the additional ordering persisting out to a radius
�4�AA. The distance over which immobile particles are cor-
related does not appear to increase much as temperature is
reduced. On the other hand, the relative positions of highly
mobile and highly immobile particles tend to be anticorre-
lated, the anticorrelation having a length scale that increases
with decreasing T. From our wavelet decompositions, we
find that the implicit range of some correlation functions,
e.g., �Q5

2�, does not appear to grow with falling temperature,
just as Donati et al., found that clusters of immobile particles
do not appear to grow at T is reduced. On the other hand, we
found from wavelet decompositions evidence that the range
over which fluctuations in �Q7

2� are correlated appears to in-
crease as temperature is reduced, just as Donati et al. found
that range of anticorrelations between mobile and immobile
particles grew as T was reduced. It will be interesting in
future work to examine correlations between the details of
local orientational order and the local mobility of particles of
interest.

The notion that local ordering in fluids may be noncrys-
tallographic was proposed by Frank �11�, who noted that
local icosahedral packing of Lennard-Jones particles was en-
ergetically preferred to hexagonal close-packed or face-
centered cubic arrangements. Steinhardt, et al. �1� proposed
to characterize local order in a fluid by making spherical
harmonic decompositions of the local density of “bond”
�near-neighbor vector� directions. They emphasized the im-
portance of spherical invariants such as Ql

2. Icosahedral or-
dering contributes to invariants with l of 6 and 10, while
cubic ordering has little invariant with l=10 but substantial
invariant components with l of 4 and 8. Steinhardt et al.,
report simulation results for even l� �2,10�, as well as for
more complicated spherical invariants, concluding that sig-
nificant icosahedral and some cubic ordering is present. To-
mida and Egami �5� extended this approach by considering
Ql

2 as computed for bonds centered on atoms, rather than

spatial regions. Clusters centered on atoms provide a natural
definition of local clustering. Their simulations used a poten-
tial suited for liquid iron, not the Lennard-Jones potential
used here. They also found the probability distribution for
the Ql

2. Clusters for which Q6
2 is large, as expected for icosa-

hedra, were found by Tomida and Egami to have values for
�Q2

2�, �Q4
2�, �Q8

2�, and �Q10
2 � expected for icosahedra. How-

ever, the hypothesis of icosahedral ordering in fluids is not
without controversy, as witness the careful analysis of Still-
inger and LaViollete �28,29�.

The results here do not entirely agree with the literature,
in part because we asked a somewhat different set of ques-
tions. In particular, we are not aware of prior measurements
of �Q7

2� in this or similar systems, so prior studies would not
readily have noticed the possible importance of septahedral
ordering. Prior studies measured �Q10

2 �, finding that it was
nonzero. Icosahedral, but not cubic, order leads to a large
�Q10

2 �, leading to the conclusion that icosahedral clustering is
likely important in supercooled fluids. We measured not only
�Q10

2 � but also �Q11
2 � and �Q12

2 �, finding that these three
spherical harmonic components are very similar to each
other in their magnitudes, relaxation times, and temperature
dependences. Q11 is not associated with icosahedral struc-
tures, so the observation that these three large-l components
have very similar behaviors suggests that the observed be-
havior of Q10 and Q12 is some general large-l effect, and not
some consequence of icosahedral structure formation that
would be expected to contribute to Q10 but not to Q11.

Kivelson et al. �24� have given a detailed model for glass
formation in liquids, based on the formation of frustration-
limited icosahedral clusters, starting at a cluster melting tem-
perature significantly warmer than the melting temperature
of the �unfrustrated� crystalline phase. In our previous paper,
we proposed that we saw evidence for such a model, in the
form of local, growth-limited clusters that appeared below a
temperature T�2 that is well above the crystalline melting
temperature TCM�1.1 that we determined at our density.
One of us �30� has assembled evidence indicating that the
so-called neutral polymer slow mode observed in light scat-
tering spectra of some but not other nondilute solutions of
neutral polymers provides experimental evidence for Kivel-
son’s model. In comparing results here with the proposals of
Kivelson et al., it is important to note that nothing in the
Kivelson model relies on the growth-frustrated clusters being
icosahedral. The non-space-filling septahedral �Q7

2� ordering
for which evidence is found here is entirely consistent with
the Kivelson model’s demands for a growth-limited spatial
structure.

�1� P. J. Steinhardt, D. R. Nelson, and M. Ronchetti, Phys. Rev. B
28, 784 �1983�.

�2� H. Jonsson and H. C. Andersen, Phys. Rev. Lett. 60, 2295
�1988�.

�3� H. Terrones and A. L. Mackay, J. Math. Chem. 15, 157

�1994�.
�4� S. Sanyal and A. K. Sood, Phys. Rev. E 52, 4168 �1995�.
�5� T. Tomida and T. Egami, Phys. Rev. B 52, 3290 �1995�.
�6� H. Tanaka, J. Phys.: Condens. Matter 15, L491 �2003�.
�7� N. Jakse and A. Pasturel, Phys. Rev. Lett. 91, 195501 �2003�.

P. C. WHITFORD AND G. D. J. PHILLIES PHYSICAL REVIEW E 72, 021203 �2005�

021203-10



�8� A. Di Cicco, A. Trapananti, S. Faggioni, and A. Filipponi,
Phys. Rev. Lett. 91, 135505 �2003�.

�9� H. Tanaka, Phys. Rev. E 62, 6968 �2000�.
�10� Z. Wang and D. Stroud, J. Chem. Phys. 94, 3896 �1991�.
�11� F. C. Frank, Proc. R. Soc. London, Ser. A 215, 43 �1952�.
�12� I. Daubechies, Ten Lectures on Wavelets, Vol. 61 of CBMS-

NSF Regional Conference Series in Applied Mathematics
�SIAM, Philadelphia, 1992�.

�13� A. Haar, Math. Ann. 69, 331 �1910�.
�14� W. Kob and H. C. Andersen, Phys. Rev. E 51, 4626 �1995�.
�15� S. Glotzer, J. Chem. Phys. 112, 509 �2000�.
�16� P. C. Whitford and G. D. J. Phillies, J. Chem. Phys. 122,

044508 �2005�.
�17� M. P. Calvo and J. M. Sanz-Cerna, SIAM J. Comput. 14, 936

�1993�.
�18� S. K. Gray, D. W. Noid, and B. G. Sumpter, J. Chem. Phys.

101, 462 �1994�.
�19� M. Crisma, R. Fornasier, and F. Marcuzzi, Carbohydr. Res.

333, 145 �2001�.
�20� M. Savianno, E. Benedetti, B. di Biasio, E. Gavusso, O. Fierro,

C. Pedone, R. Iacovino, E. Rizzarelli, and G. Vecchio, J.
Chem. Soc., Perkin Trans. 2 2001, 946 �2001�.

�21� T. Achsel, H. Stark, and R. Luhrmann, Proc. Natl. Acad. Sci.
U.S.A. 98, 3685 �2001�.

�22� K. W. Wojciechowski, K. V. Tretiakov, and M. Kowalik, Phys.
Rev. E 67, 036121 �2003�.

�23� R. B. King, Croat. Chem. Acta 77, 133 �2004�.
�24� S. A. Kivelson, X. Zhao, D. Kivelson, T. M. Fischer, and C.

M. Knobler, J. Chem. Phys. 101, 2391 �1994�.
�25� B. J. Berne and R. Pecora, Dynamic Light Scattering �Wiley,

New York, 1976�, especially Eq. �7.3.9b�.
�26� S. Sastry, P. G. Debenedetti, F. H. Stillinger, T. B. Schroeder,

J. C. Dyre, and S. C. Glotzer, Physica A 270, 301 �1999�.
�27� C. Donati, S. C. Glotzer, P. H. Poole, W. Kob, and S. J.

Plimpton, Phys. Rev. E 60, 3107 �1999�.
�28� F. H. Stillinger and R. A. LaViolette, Phys. Rev. B 34, 5136

�1986�.
�29� R. A. LaViolette, Phys. Rev. B 41, 8526 �1990�.
�30� G. D. J. Phillies, Phys. Rev. E 69, 011801 �2004�.

ENHANCED SEPTAHEDRAL ORDERING IN COLD… PHYSICAL REVIEW E 72, 021203 �2005�

021203-11


